Chapter 1

On Motif Statistics In
Protein Spatial Networks

Blake Stacey

In recent years, networks derived from complex systems have been studied not
just in terms of global properties like degree distribution s, but also in terms of motifs,
small subgraphs whose appearances can be examined statistally. Motifs which occur
more often than chance predicts are often presumed to indicate some feature of local
structure which is preferred for biological, physical or ge ometrical reasons. We test a
claim made in R. Milo et al., Science 303 (5 March 2004) to the e ect that protein
structures can be approached in this way, studying not three proteins but a set of 830.
Overall, the general claim of the earlier paper is borne out: the spatial distribution of
secondary-structure elements can be roughly understood asa geometrically constrained
network. Structures of individual proteins are re ected in the clustering coe cients
of the networks derived from the protein geometries. The inv estigation of a network
growth model based on geometric constraints reveals a concetual link with entropy-
estimation techniques invented for high-energy physics.

1.1 Introduction

Connecting points with lines has been a way of thought for a vey long time.
In the fourteenth century, theologian Ramon Llull tried to u nderstand Jehovah
with a complete 9-graph whose nodes were labeléderitas, Gloria and so forth[4].
In 1978, science historian James Burke described our techtamgical society as a
network, \each part of which is interdependent with all the others," so that a
failure in one place|say, an electrical relay in the Adam Bec k Two power station
at Niagara Falls|can have severe e ects far away, like the Gr eat Northeastern
Blackout (compare [1, 3, 17]). Burke used the network as a metphor, a tool for
exploring how our society sustains itself as well as the indobly wedded question
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of how our science and technology advance[5]. In later yearsjuantitative data
became available on a wide variety of complex worldly a airs protein interac-
tions, organism genomes, the global computer web Burke desbed in its earliest
stages, and more. The presence of this interdisciplinary da has made possible
interdisciplinary research, and the apparent detection ofubiquitous features has
been greeted with wide acclaim. After the discovery of the sale-free hammer,
we have been able to treat all observable systems as nails.

Much discussion has transpired aboutglobal properties of networks which
live in abstract spaces, but it is also interesting to look atlocal properties of
graphs embedded in familiar, Euclidean space. We may expedhat network
models will be most useful in studying those systems whose fdamental parts
are all alike or described by few parameters apiece, say a gjle numerical weight
per node, with all other information encoded in their interr elationships. We treat
all cities as interchangeable, or labeled only by their poplation. Whether this
is a reasonable approximation can only be determined by asgag its predictive
power and its correspondence with experimental observatios. (Likewise, we
often neglect the distinguishing features of the connectins, drawing them all in
the same color and with the same thickness.) Here, proteins @re analyzed at two
levels. First, individual amino-acid residues were treatel as nodes and connected
if their C atoms were closer than 8A (per [12]). Then, in the second approach,
secondary-structure elements were mapped onto vertices. &h -helix or -
sheet became a node, and nodes were connected if their copesiding structure
elements came within 10A of each other. -helices and -sheets are three-
dimensional objects, of course, so the distance between theis de ned (with
appropriate arbitrariness) to be the minimum separation beween C atoms
of their respective amino acids. This information can be corputed from the
protein's PDB le with relative ease.

One method to study these local properties is to hunt throughit for repeated
motifs, subgraphs containing a few nodes apiece, in the hope that a bgraph
which occurs many times is physically or biologically signicant[15]. Milo et al.
advance the claim that a particular set of four-node motifs ae \overrepresented"
in protein structure; that is, these particular motifs occur in protein geometry
more often than expected by chance. However, this claim wasnly supported
by three proteins[14]. In this paper, we shall examine how wikit applies to 830
more.

1.2 Sequence Pro les

Given a network (produced by whatever means), we can count tB number of
times a particular subgraph occurs. Take a set of motifs labked by i, and let

The quantities n; are not the most convenient way to measure the abundances
of network motifs, since they scale with the overall networksize. Besides, the
guantity of real interest is not how many times a particular grouping of nodes oc-
curs, but how many occurences we ndcompared to what we would observe due
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to random chance. Imagine a randomized ensemble of networks, each with the
same degree pro le as the original, but with the edges rearraged. Presumably,
if a particular motif is prevalent (or lacking) for biologic al reasons, it will occur
more (or less) frequently than in this randomized ensemble(In a soap opera of
order N, how many love triangles do we expect to see?) We de ne a measgl of
the statistical signi cance of a particular n;, relative to chance expectation:

Zi 34% (1.1)
ilc

Here, Irii denotes the mean number of times motif occurs per network, averaged
over all networks in the ensemble. The cumulant in the denormmator, r? o 1S
the variance of r;, likewise computed over all the randomized networks.

The networks in the randomized ensemble were generated by sypping edges
in the network generated from the protein geometry. This mehod has the
advantage that it preserves connectivity properties of thenetwork: each node
will have the same number of ingoing and outgoing connectios as it did in the
original.

To compare Z-scores calculated for di erent proteins, we introduce a n&v
variable, Sj, which is normalized so that the sum over alli is unity:

Z.
Si pjo':ZZ: (1.2)
i &
The setf Sjg is termed the sequence pro le. Alternatively, it may be preferable
to use a di erent measure of statistical signi cance, which we shall term the
D -score:
nj h I’ii
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(1.3)
Here, is a constant of order unity chosen at the investigator's corenience.
(To compare our results directly with those of Milo et al., we have made our
calculations with = 4.) D; can naturally be normalized in the same way a<;.

This method su ers from several drawbacks. Consider, for eample, an ar-
rangement such as the network of neurons in an animal brain, Wwere it is di cult
for nodes separated by a large physical distance to connectn this case, we might
nd groups of neighboring nodes connected more strongly tha chance expec-
tations only because they are situated near each other, andat for any reason
having to do with biological selection. A \toy model" has been constructed, in
which nodes are stochastically connected to proximate nelgpors (connections
being formed with a probability that falls o as a Gaussian). Analyzing the
resulting networks shows the same prevalent motifs as Mileet al. nd in the
C. elegansneural connection structure[19]. Such toy models do, howear, show
motifs which do not appear in \real" networks, indicating that the sequence-
pro le method is not entirely fragile, as long as the entire sequence pro le is
studied[16].
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Figure 1.1 : (A) The six motifs which Milo et al. explore in protein structure, with
their MFinder[18] ID codes. Motifs 3, 5 and 6 are claimed to be \overrepresented”. (B)
Spurious sequence pro le produced by setting nj = hrii and then scaling.

Another issue arises when the network under scrutiny exhilis symmetry.
Consider a protein which is made of multiple peptide chains,organized into do-
mains such that the protein is composed of perhaps four closely siitar pieces.
Neglecting the \edge e ects" of one domain's -helices touching another's, the
network for the entire protein is just the graph of the domain, duplicated with-
out overlaps! Duplicating by a factor d ampli es eachn; by d, but it also a ects
the ensemble of randomized graphs we use for comparison. Bacse the degree
pro le is unaltered, the probability that a given subgraph p lucked from a ran-
domized graph will exhibit motif i is unchanged, but the number of ways to pick
a subgraph grows with the network size. Using the results of][0], one can show
that hr;i scales agl” '', wheren is the number of nodes in the motif (here 4) and
li is the number of internal links. The net e ect is to bias the sequence pro le
towards those motifs with higher I;. If D; is identically zero, the combination of
symmetry and scaling creates a wholly spurious sequence ple.

1.3 Spatial Graphs

As indicated above, one complication is the issue offeometry. \Classic" scale-
free (SF) graphs like the actor- Im network are not embeddedin space; what are
the e ects upon the motif pro le of requiring that our graph b e grown in a Eu-
clidean world? Following the example of Herrmann, Bartrelemy and Provero[7],
we consider vertices scattered randomly throughout a unit wlume according
to a probability distribution  (x). Vertices will be linked if they fall within a
chosen distanceR from one another. Graphs of this type occur in a variety of
circumstances, from telecommunications to gene-expressi microarrays, listed
conveniently in [7]. In a more sophisticated model, vertice can be connected
with a probability which depends upon their distance, such as a Gaussian fall-o

1The three proteins studied in [14] are all multi-domain poly peptides: an oxioreductase
(PDB code 1AOR), a serine protease inhibitor (LEAW) and an im  munoglobin (1A4J).
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The hard-sphere case which [7] studies explicitly can be tadn as a reasonable
rst approximation.

Given a network presumably grown by a geometrical process, &would like to
infer some characteristics of from the statistical properties of the network. One
such summary characteristic of is the probability that two randomly chosen
nodes will share an edge, knowing nothing else. If(x;y) is the \cuto " function
de ning the proximity condition,

z

p=dxdy (x) (Xy) (¥): (1.4)

Another property of interest is the clustering coe cient, de ned to be the prob-
ability that two neighbors of a randomly chosen node will themselves be directly
linked. In the spatial model, C is given by the probability that two points x»
and x3 randomly chosen within the \acceptance zone" ofx; are themselves close
enough to be linked. To write this symbolically, we rst give an expression for
the probability of x, and x3 both falling close to xj:

Z

dxidxodxs (X1) (X1;X2) (X2) (X1;X3) (X3): (1.5)

The clustering coe cient is the ratio of completely connected triangles to all
connected 3-graphs:

dxgdxadXs (X1) (X1;X2) (X2) (X1;X3) (X3) (X2;X3),

C= dxi1dxodxs (X1) (X1;X2) (X2) (X1;X3) (X3)

(1.6)

This equation reduces to Eqg. (10) of [6] in the case where(x) is constant and
(x;y) is a hard-sphere cuto .

If we know p and C, we can estimate the probability that a small subgraph
of n nodes drawn from the full network of N will exhibit a particular motif. 2
We ask with what likelihood each connection in the motif will be drawn, and
we multiply these factors together; for a 4-node motif, a total of six links could
possibly be drawn, and thus the total probability will be some combination of
six factors taken from the setfp;(1 p);C;(1 C)g. The speci c combination is
determined by the motif topology. We can estimate the quantty of each motif

seen by multiplying the expressions in the table by ﬁ (and by a symmetry

factor equal to the reciprocal of the cardinality of the motif's automorphism
group).

As the authors of [7] note, it is possible to grow a scale-freépower-law)
network embedded in Euclidean space by a judicious choice of(x). The as-
sumption that p and C are roughly su cient to characterize is equivalent to
saying that is \well-behaved" in such a way that this will not happen; fur ther
discussion of this point lives in [9] and the Appendix.

2This is done \between the lines" in [14]; see also [9].
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Figure 1.2 : (A) Table of motif occurence probabilities. (B) Average cl ustering coe -
cient per node as a function of node degree for randomly-geneated spatial graphs. (C)
Motif counts for randomly generated graphs, as measured by MFinder and predicted
theoretically.

We constructed a Python program to implement this model of graph forma-
tion. The program randomly chooses points within a 3D unit volume, makes
pairwise connections based on a user-de ned threshold, ocallates summary
statistics and outputs the network in MFinder-ready format[18]. Fig. 1.2(C)
shows the results, the salient feature being that the model pedictions corre-
spond with the motifs as measured byMFinder.

1.4 Protein Analysis

The dataset was obtained from Uwe Hobohm and Chris Sander'$DBSELECT
list of Protein Data Bank chain identi ers.[8] PDB chain IDs in PDBSELEC@are
chosen such that no two peptide sequences are more than a clwspercentage
homologous; sequences used here were taken from the 25%.li€nly one domain
from each protein was used. For AA-level analysis, the larg&t -helix and the
largest -sheet were drawn from each protein; in the second case, aksondary-
structure elements in the domain marked inPDBSELECWere converted to ver-
tices. A Python program was used to extract the pertinent information from the
PDB les, construct the corresponding graphs and output them in a format that
the MFinder code is able to understand. The Python code accepts the thrémld
distance (in A) as a user-de ned parameter, and the analysis was conductkat
thresholds of 10, 15 and 20A. Other Python scripts, Octave and R were used
to break down the results.

Is the sequence-pro le technique powerful enough to distiguish helices from
sheets? Fig. 1.6(A) below indicates that it is; the distinct clouds of points for
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all but the most heavily connected motif strongly hint that t he two \families"
of structure can be separated by their motif statistics.

Several attributes of the secondary-structure networks ae worth discussion.
The rst datum to note is that the degree pro les (averaged over all graphs) cal-
culated at each of the three thresholds are roughly Poissoan in comportment,
as shown in Fig. 1.3. This correlates well with the results ofLi et al.[12], in
which the authors study a set of 424 protein chains at the indvidual amino-acid
level, treating each residue as a node and linking nodes whesC atoms are
closer than 8A.

Frequency
0.10

005
I

Figure 1.3 : Degree pro les t with Gaussians.

Second, as was also seen in [12], the clustering coe cient®if the protein-
structure networks are much larger than those for Erdes-Renyi (ER) graphs of
the same size and average degree. Looking more closely, wed ithat although
C for the real proteins is greater than the ER prediction, the two are not un-
related: knowing only the ER value of C (that is, N and hki), one can linearly
approximate the true value. Fig. 1.4 displays the correlaton. This was not stud-
ied in [12]'s residue-level analysis. Third, we nd that the clustering coe cient
for vertices having the samek, when averaged over all proteins, falls o with
k. SF researchers typically see a decag / k ! as evidence that the graph is
hierarchial. Note that increasing the threshold from 10A turns the decay more
and more linear, obscuring as one might expect the signatuseof organization.

Next, we turn to the motif-statistical properties of these protein structures.
Fig. 1.5 shows the histograms for the normalized -scores of the six subgraphs
under investigation. The general pattern seen in [14]'s thee proteins is borne
out: motifs 3, 5 and 6 appear more often in the real proteins ttan they do in the
randomized ensembles. The blue dots indicate the averagegelts from a set of
100 randomly-generated graphs withp and C typical for the protein networks;
their agreement is generally better than the analytic p-and-C model. Note that
the plots in Fig. 1.5 show this particular sequence pro le b&eoming more clearly
evident asN increases.

We ask, naturally, if the networks' sequence pro les show aw variation \on
top of" the values we expect on geometrical grounds. In Fig. B(B), we plot
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Figure 1.4 : On the left, clustering coe cients for the protein-struct ure networks
compared to those for ER graphs of the same size and average amectivity. The
regression line isy = 0:68( 0:01) +0:18( 0:02)x, with r =0:4. On the right, C(k) for
individual vertices plotted as a function of vertex degree, averaged over all proteins.

the normalized D-scores for each motif against that calculated with the modé
in x1.3. In each case, the observed; are positively correlated with the spatial-

graph expectations, with predictive ability comparable to the generated networks
discussed above. The geometrical model is, overall, good akplaining the motif

abundances in protein networks.

1.5 Conclusions and Acknowledgments

The motif-statistic properties of 833 protein domains, dravn from the
PDBSELECTepresentative list, were investigated and found to followthe expec-
tations for random graphs grown in space. The motifs found tobe overabundant
with respect to chance (that is, with positive D;) are the same ones identi ed in
[14]; in fact, though they do not give quantitative speci cs, the authors of [12]
report seeing the same sequence pro le in the protein-struare networks they
made at the residue level. This provides a pleasing consigtey and suggests that
the e ects of \coarse-graining" merit further theoretical exploration. Random
spatial graphs are a reasonable starting point for later grah-theoretic studies
of protein structure.

| would like to thank Leonid Mirny of the Harvard-MIT Divison of Health
Sciences and Technology for introducing this problem to me Eric Downes pro-
vided suggestions during the investigation and the articlepreparation; at ICCS
2006, Franziska Matthaus suggested the analysis which beene Fig. 1.6(A).
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Figure 1.5 : On the left, summary histogram of D -scores for the six 4-motifs under
study. On the right, D-scores plotted against the number of nodes for the protein
networks (computed at a 10-A threshold).

1.6 Appendix: Spatial Scale-Free Graphs and
Entropy

Suppose we have a node placed at. With what probability will it have a given
number k of neighbors? This is just the probability to nd k nodes within the
volume nearx. Introduce a cuto function (x;y) which species the region in
which nodes are su ciently close to be connected; the distare dependence of
may be a step function, indicating a hard-sphere cuto, or it might be a softer
relation like a Gaussian. The probability that a second nodeis placed within
the acceptance region of a node ax is

y4
ax) = dy (xy) (¥): (1.7

(This reduces to Eqg. (4) of [7] in the hard-sphere case.) Anaftic results are
easiest to derive in the limit that N ! 1 . To keep the results of interest
nite, we must simultaneously take the limit R! 0 (or shrink the correspond-
inggscale parameter in , whatever it may be). We wish to have the product
N dxdy (x;y) tend to a nite constant, which following the earlier paper we
term . In this event, the expected number of nodes found within theregion
de ned by remains nite and tends to  (x).

When we take the \thermodynamic limit", we can simplify our i ntegrals and
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Figure 1.6 : D-scores for protein structure networks compared to the predictions of
the random spatial graph model, using p and C for each graph to compute an expected
fDig. (A) Networks computed at AA-residue level; -helices in red, -sheets in green.
(B) Networks computed at secondary-structure resolution. Values of the correlation
coe cient r =0:24, 0.43, 0.38, 0.46, 0.78 and 0.55.

average over space to obtain the result in [7],

Z
P(k; )= o dx ¥ (x)e ) (1.8)

The authors of [7] demonstrate that a random spatial graph poduced from
a (x) satisfying certain properties can be \scale-free". Here\cumulative ad-
vantage" or \preferential attachment” is only an artifact o f location: nodes near
a peak of (x) will tend to be more highly connected since they are likely b
have more neighbors, but this same region is also the most Ity place for new
vertices to appear. (The rich get richer because of where thelive, not who they
know!) They de ne an SF graph to be one in which the momentshk i of the
degree distribution diverge for all greater than some nax; it is easy to see
how this relates to a power-law decay at largek. Applying textbook knowledge
of combinatorics to Eq. (1.8), they derive the following expession forhk i in

terms of :
X Z

ki = sSm Mo dx M (x): (1.9)

m=0

Here, ™ denotes the Stirling numbers of the second kind, which count the
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number of ways to partition a pile of elements intom non-empty boxes. The
integral in Eq. (1.9) measures the information content of and is closely related
to the Renyi entropy[11], by

Z

1q|og dx 9(x): (1.10)

If one knows the Renyi entropies for values ofq > 1, one can nd the Shannon
entropy by extrapolating the (q;R,) curve down to g = 1. According to the
de nition in [7], then, a graph is SF if the Renyi entropies d iverge for all q >
max 1.

An interesting parallel exists between this model of randomspatial graphs
and a method developed to estimate the entropy of high-eneng particle col-
lisions. This techinque originated with the work of Shang-Keng Ma[13], who
considered the problem of how one could compute an entropy ding a Monte
Carlo simulation. For the moment, consider a system prepard at a xed energy
E. The entropy of this system is given by the phase-space volumthrough which
the system's trajectory passes. Ma proposed sampling the sgem at a number of
points during its evolution and counting the \coincidences’, that is, the number
of times two sample points fall within the same bin. Ma indicates that, for the
xed-energy case, the entropy is given by the simple relatio

S = kg log(volume) = kg logC, (xed E): (1.11)

Bialas and Czyz[2] provide a generalization to the \canonial" case of non- xed
energy; their phenomena of interest are multi-particle interactions at high ener-
gies, including dense hadronic matter and quark-gluon plawas. The fundamen-
tal notion is to correct Eq. (1.11) by including higher-order coincidences, three
or more con gurations landing within the same sample bin.

In this approach, one counts the number of sample points inalded within
small phase-space regions, while in studying spatial graph one connects nodes
which are separated by small distances. A \coincidence" is at dissimilar to
a connected subgraph. The parallel is clear enough that it isnot surprising
Bialas and Czyz derive a formula for the overall entropy in tems of the Renyi
entropies?

We can nd the probability of a -fold coincidence from the distribution
function : calculate the probability of observing vertices in a volumeV and
then integrate over all choices ofV. Using the cuto function introduced
earlier, 7 7

C = dy dx (xiy) (x) (1.12)
In the \thermodynamic" limit, tends to a delta function, and C becomes
z
C = dy (y)= o (1.13)

3They attribute the argument to K. Zyczkowski.
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This suggests a de nition of an information function for a general network (a
graph with no notion of embedding within Euclidean space), n which the entropy
at a scalek is given by the logarithm of the probability that a k-node subgraph
chosen at random is connected. In the thermodynamic limit, he dierence
between the probability of nding a connected subgraph and tat of nding a

completely connected subgraph is just a power of multiplied by some symmetry
factor.
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