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Concurrence, the familiar measure of entanglement, emerges naturally when we

write pure states for pairs of qubits as biquaternions.

For those with a fondness for vintage geometry, the Pauli matrices are just quaternions in
disguise. The fact that the unit-length quaternions constitute the group SU(2) led Baez to
coin the slogan, “Qubits are not just quantum — they are quaternionic!” [1]. Poking at this
a little more reveals that a pair of qubits considered together are biquaternionic. Moreover,
a single qubit also has a biquaternionic character, once we consider ascribing to it states of
less-than-maximal confidence.

Unitary operations for a single qubit are isomorphic to maximally entangled states for a
pair of qubits. In terms of a quantum circuit, we can imagine ascribing a Bell state to a pair
of qubits and then applying a unitary to one half of the pair. The details of the unitary are
then stored in the correlation — or perhaps better said, the potential correlation — between
the qubits.

Just as the complex numbers C double the dimensionality of the real number line R, the
quaternions H double the dimensionality of C. A quaternion q ∈ H is written

q = q0 + q1ı̂+ q2̂+ q3k̂, (1)

where the three quantities ı̂, ̂ and k̂ satisfy Hamilton’s relations

ı̂2 = ̂2 = k̂2 = ı̂̂k̂ = −1. (2)

Since the quaternion units ı̂, ̂ and k̂ correspond in a natural way to the Pauli matrices,
we can map quaternions into the group of qubit unitaries. The only detail we have to be
careful about is that each of these square to −1, while the Pauli matrices square to the
identity matrix itself. For reasons that will be clear in a moment, let’s keep the imaginary
unit of the complex numbers, i ∈ C, symbolically distinct from the ı̂ in the quaternions H.
We can then write

(q0, q1, q2, q3) = q0 + q1ı̂+ q2̂+ q3k̂ ∈ H→ q0I − iq1σx − iq2σy − iq3σz. (3)

From there, we can also map them to entangled states for pairs of qubits, by the standard
trick of acting locally with a unitary on half of a Bell state. This will give us an isomorphism
between entangled two-qubit states and certain quaternionic objects, and trusting the iso-
morphism beyond the case of maximal entanglement that inspired it will provide a new way
to think of the standard entanglement measure.

Let’s work through this in a little detail. Start with a 2× 2 matrix

M :=

(
a b
c d

)
. (4)
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Then we have that

tr(Mσx) = −iq1 = b+ c, (5)

tr(Mσy) = −iq2 = i(b− c), (6)

tr(Mσz) = −iq3 = a− d. (7)

So, we can find the quaternion coefficients in terms of the matrix elements thusly:

q0 = a+ d, q1 = i(b+ c), q2 = c− b, q3 = i(a− d). (8)

These coefficients will in general be complex numbers themselves, meaning that

q := (q0, q1, q2, q3) (9)

will be a biquaternion.
The fact that the algebra of 2×2 complex matrices is also that of quaternions complexified

in this way is known, at least within a niche of quaternion enthusiasts. What this fact implies
for quantum theory is less explored.

If M is unitary, then we can apply it to half of a Bell pair to define the state

|ψ〉 = M ⊗ I 1√
2


1
0
0
1

 =
1√
2


a
b
c
d

 . (10)

Using Eq. (8), we can turn this around and write a biquaternion for any two-qubit state
vector |ψ〉, maximally entangled or not. Is this merely a formal trick, or is it illuminating to
do so? To ask the question slightly differently, does this way of writing quantum states make
anything easy or natural to calculate? Well, let’s find out, starting from the mathematical
side: What are the natural things one would do with biquaternions?

There are two ways to take a conjugate of a biquaternion. One is to take the complex
conjugate of all the coefficients:

q∗ := (q∗0, q
∗
1, q
∗
2, q
∗
3). (11)

The other is to flip the signs on the ı̂, ̂ and k̂ components:

q? := (q0,−q1,−q2,−q3). (12)

Let’s use this latter method of conjugation to define a norm:

|q|? := qq? = q20 + q21 + q22 + q23, (13)

all the other cross terms canceling. In terms of the vector components,

|q|? = 4(ad− bc). (14)

The concurrence [2, 3] of |ψ〉 is proportional to the magnitude of |q|?:

C(|ψ〉) = 2|ψ0ψ3 − ψ1ψ2| = |ad− bc|. (15)



3

What has happened here? It turns out that the four complex components of our bi-
quaternion q are the coefficients of the state vector |ψ〉 written in a slightly phase-adjusted
version of the Bell basis. Each of the four states in this basis is maximally entangled, so the
more strongly |ψ〉 overlaps with any one of these basis vectors, the more entangled it is.

And the other way of conjugating q? Given a biquaternion q that represents a two-qubit
pure state |ψ〉, consider the biquaternion

q̃ := −q∗ = (−d∗ − a∗, i(c∗ + b∗), b∗ − c∗, i(−d∗ + a∗)). (16)

This biquaternion represents the matrix

Ũ =

(
−d∗ c∗

b∗ −a∗
)
, (17)

which when applied to half of a Bell pair yields the pure state

∣∣∣ψ̃〉 =
1√
2


−d∗
c∗

b∗

−a∗

 . (18)

We can quickly check that ∣∣∣ψ̃〉 = σy ⊗ σy |ψ∗〉 , (19)

where |ψ∗〉 is the state made by complex-conjugating the coefficients of the original state
|ψ〉 in the computational basis. We have that〈

ψ̃
∣∣∣ψ〉 = bc− ad. (20)

The magnitude of this quantity is the concurrence of |ψ〉 again.
If the matrix M is Hermitian, then its Hilbert–Schmidt inner products with the Pauli

matrices will all be real, so q0 will be real while q1, q2 and q3 will be purely imaginary.
Consequently, we can write a general mixed state for a qubit as

qρ =
1

2
(1, ix, iy, iz), (21)

where (x, y, z) are the coordinates of the state ρ within the Bloch ball. To reconstruct ρ
from qρ, simply take

ρ =
1

2
(I − iq1σx − iq2σy − iq3σz). (22)

Instead of concurrence, the ?-norm now measures mixedness:

4|qρ|? = 1− (x2 + y2 + z2). (23)

This vanishes for pure states and is maximized by the “garbage state” ρ = 1
2
I.

By applying the ∗- and ?-conjugations together, we can define an adjoint:

q† := (q∗)?. (24)
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The product of q with its adjoint q† is not a scalar, but a biquaternion with generally
nonvanishing, yet purely imaginary, ı̂, ̂ and k̂ components. If q is a two-qubit pure state,
then qq† yields a single-qubit state that is generally a mixed state whose purification is q.
In the language of matrices,

trB |ψ〉〈ψ| =
(
|ψ0|2 + |ψ1|2 ψ0ψ

∗
2 + ψ1ψ

∗
3

ψ2ψ
∗
0 + ψ3ψ

∗
1 |ψ2|2 + |ψ3|2

)
=

1

2
MM †. (25)

This generalizes the familiar fact that when M is unitary, |ψ〉 is maximally entangled, and
so its marginal trB |ψ〉〈ψ| is the garbage state.

There is another way to represent the qubit state space quaternionically, one that treats
the four components more symmetrically and which establishes a correspondence between
the Bell basis and another set of quantum resources. Let ρ be a single-qubit state, and take
its tensor product with the state

Π0 :=
1

2

(
I +

1√
3

(σx + σy + σz)

)
. (26)

Now, consider measuring the two-qubit system whose preparation is ρ⊗Π0 in the Bell basis.
The probability pn for obtaining the n-th outcome is

pn =
1

2
tr(ρΠn), (27)

where Π0 is defined as above and we fill out the set by drawing the rest of a regular tetra-
hedron in the Bloch sphere:

Π1 :=
1

2

(
I +

1√
3

(σx − σy − σz)
)
, (28)

Π2 :=
1

2

(
I +

1√
3

(−σx + σy − σz)
)
, (29)

Π3 :=
1

2

(
I +

1√
3

(−σx − σy + σz)

)
. (30)

Therefore, the Bell-basis measurement on the two-qubit system is equivalent to measuring
the POVM

En :=
1

2
Πn (31)

on the original single qubit [4]. This POVM is informationally complete (IC), and so we can
replace any qubit state ρ, pure or mixed, with a probability distribution over its outcomes.
Its high degree of symmetry makes it optimal, broadly speaking, among qubit IC POVMs [5].

As mentioned earlier, given a two-qubit pure state |ψ〉, the four components of its bi-
quaternion q are naturally interpreted as coefficients in the Bell basis, up to phase factors
that we can neglect when we square those coefficients to obtain probabilities. This inspires
the representation

q = (
√
p0,
√
p1,
√
p2,
√
p3), (32)

from which we reconstruct a qubit density matrix by

ρ =
3∑

n=0

(
3pn −

1

2

)
Πn. (33)
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In this representation, all qubit states, whether pure or mixed, are quaternions of length 1.
The set of all qubit states is the ball whose boundary is given by∑

i

p2i =
1

3
. (34)

Given two quantum states ρ and σ, with their quaternionic representations qρ and qσ defined
in this manner, the product qρq

?
σ is the Bhattcharyya coefficient of the probability vectors

pρ and pσ:

qρq
?
σ =

∑
i

√
(pρ)i(pσ)i. (35)

The four-outcome probability simplex can be given the structure of a Riemannian manifold
in such a way that the arccosine of this quantity is the geodesic distance between the points
pρ and pσ [6]. Moreover, it provides an upper bound [7] on the mixed-state fidelity between
ρ and σ:

qρq
?
σ ≥

√√
ρσ
√
ρ =

√√
σρ
√
σ. (36)

A historical note: The biquaternionic picture came to light during an investigation of a
two-qubit SIC, a highly symmetric set of 16 equally but not maximally entangled states [8, 9],
which linked up with an inquiry into the symmetries of a regular icosahedron inscribed in
the Bloch sphere [10].
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